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Problem 1.64

In case you're not persuaded that V?(1/r) = —4763(r) (Eq. 1.102, with r’ = 0 for simplicity), try

replacing by v/r2 + €2, and watching what happens as € — 0.16 Specifically, let

1, 1

Dire)=——V2——
(ry€) 47TV Jira

To demonstrate that this goes to §3(r) as € — 0:
(a) show that D(r,e) = (3€2/4n)(r? 4+ €2)~%/2;

(b) check that D(0,€) — oo, as € — 0;

)
(¢) check that D(r,e) — 0, as € — 0, for all r # 0;
)

(d) check that the integral of D(r,€) over all space is 1.

Solution

By definition, the delta function §3(r) satisfies the following two properties.
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The aim in this problem is to show that D(r,€) satisfies these two properties as € — 0. Start by

simplifying D(r,€).
1, 1

D(re) = —— V23—

1 (10,0
_ —— —_— T —
A7 | r2 Or or

__ L dfsi
 4mr2dr

:AO
! + — 1 2 sin@g 71
V2 1+ €2 r2sinf 00 00 \ /72 1+ ¢2
1

3

o tdy
 Amr2dr (r2 + €2)3/2

_ 1 _ 3e2r2
(r2 + 62)5/2

42

B 3e2
 4m(r2 4 €2)5/2

Y6This problem was suggested by Frederick Strauch.
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Check that D(r, €) satisfies property (1) in the limit as e — 0.

—0: limD(0,€) = i 3e? i 32 L 3
eV ¢ = S 4 (e2)5/2 D0 AT en0 dped | O
. . 3¢ 3(0)2 0
r#0: lgl%D(T, €) = 25% I+ Q2 Ar(2pR  dm 0

Check that D(r, €) satisfies property (2).

T p2m poo 362 5 .
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all space
362 i ) 2 o] ’F2 dr
=5 ([smoan) ([ o) [ i

Make a trigonometric substitution.
r=ctanf — 12+ =e*(1+tan’0) = 2 sec? d
dr = esec? 0 df

As a result,

3¢ ™/2 (etan 0)2(esec? 0 df)
D =—(2)(2
// (T7 6) av An ( )( 7T) /0 (62 sec2 9)5/2
all space

— 3¢2 /”/2 (€ tan? 0)(esec? 6 df)
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€’ secd 0
/2
= 3/ tan® 6 cos® 0 dO
0
/2
= 3/ sin® 6 cos 6 do
0
/2
= 3/ sin? 0 d(sin 0)
0
_ 3sim39 /2
3 o
= sin® T_ sin® 0
=1-0
=1.
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